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Today

From Takahashi’s conjecture
(’99) to Bousseau’s proof (’19).

Goal
Understand laser party on the
right.

Structure
Global picture, properties of
invariants, introduction to ideas
of the Gross-Siebert program,
construction of the
degeneration.

On Monday

In depth, inside the world of
scattering diagrams.

Figure: First rays of the (universal cover of the)
scattering diagram of (P2,E), image courtesy of
Gräfnitz.



From left to right: Nobuyoshi Takahashi, Pierrick Bousseau, Fenglong You,
Ulrike Rieß, Michel van Garrel, Beijing-Zürich moduli workshop 2019, image
courtesy of Ulrike Rieß.



Papers on max tang invariants of (P2,E )

1999 Takahashi formulates 3 conjectures

2000 Gathmann proves 1 of them:
log-local correspondence for (P2,E)

2000s Takahashi writes 2 related papers:
WDVV for line/conic & Multiplicity
of reducible maps, the latter remains
unpublished

2010s Takahashi moves on to quandles

’10 Carl-Pumperla-Siebert, scattering
diagram of (P2,E): A tropical view
of Landau-Ginzburg models

’18-’19 3 papers Choi-vG-Katz-Takahashi
related to Takahashi’s conjectures.

’18+ Combinations of Fan, Tseng, Wu,
You: orbifold ; log/local, Givental
MS, Givental formalism, higher
genus, maximal boundary, etc

’19 Bousseau solves Takahashi’s main
conjecture using Gräfnitz:

• Scattering diagrams, stability
conditions, and coherent
sheaves on P2

• A proof of N.Takahashi’s
conjecture for (P2,E) and a
refined
sheaves/Gromov-Witten
correspondence

’20 Bousseau-Fan-Guo-Wu,
quasi-modularity for higher genus

’20 Barrott-Nabijou, Tangent curves to
degenerating hypersurfaces

’20 Gräfnitz: Tropical correspondence
for smooth del Pezzo log Calabi-Yau
pairs based on CPS



Rational curves in (P2,E )

• E = elliptic curve in P2 with zero element a flex point p0.

• Pd := 3d−torsion points of E .

• For p ∈ Pd , d(p) := min{k | p ∈ Pk}.

Moduli problem in genus 0

Count degree d maximally tangent rational curves in (P2,E) ; virtual
dimension 0. For such a curve C with O(C)

∣∣
E

= 3d · p,

O(C) = O(dH)
−|E=⇒ 3d(p − p0) = 0 ∈ Pic0(E)⇒ p ∈ Pd.

Naive curve counts
nnaive,k
d := # of degree d maximally tangent rational curves meeting E at fixed

p ∈ Pd with d(p) = k, independent of p provided d(p) = k (CvGKT,
Bousseau).



Naive count depends on d(p)

N.B.: For p ∈ Pd with d(p) = d , every curve that is maximally tangent at p is
integral.

Figure: 3 rational degree 3 maximally
tangent curves at p ∈ P3 of order 9.

nnaive,33 = 3.
Figure: 2 rational degree 3 maximally
tangent curves at flex point p0 ∈ P3.

nnaive,13 = 2.



Relative/log Gromov-Witten invariants

• M0(P2/E , d) := moduli space of degree d genus 0 basic stable log maps
of maximal tangency (J. Li, Chen, Abramovich-Chen, Gross-Siebert)

• M0(P2/E , d) =
⊔

p∈Pd
M0(P2/E , d)p

• N0,d :=
∫

[M0(P2/E ,d)]vir
1 ∈ Q

• Np
0,d :=

∫
[M0(P2/E ,d)p ]vir

1 ∈ Q

• N0,d =
∑

p∈Pd
Np

0,d

• Np
0,d depends only on d(p) (CvGKT, Bousseau)

• For k|d , Nk
0,d := Np

0,d for p ∈ Pd with d(p) = k



Figure: For p ∈ P3 with
d(p) = 3, there are 3 rational
degree 3 maximally tangent
curves at p ; N3

0,3 = 3.

Figure: For p0 ∈ P3 a flex point, i.e. d(p0) = 1,
there are 2 rational degree 3 maximally tangent
curves at p0. M0(P2/E , 3)p0 contains a 2-dim
component of 3 : 1 covers over the flex line. By
GPS (Gross-Pandharipande-Siebert ’09), they
contribute 10/9 ; N1

0,3 = 3 + 1/9.



It gets more complicated, by example

Z1 =flex line at p0, Z2 = nodal degree 3 maximally tangent curve at p0.

Choi-vG-Katz-Takahashi
There are 3 genus 0 maximally tangent stable log maps of degree 4 whose
images is Z1 ∪ Z2, and they are isolated with multiplicity 1 each.

Compare with relative stable maps

of which there is only 1 contributing 3 (Takahashi, On the multiplicity of
reducible relative stable morphisms, unpublished).

General case and detailed comparison in CvGKT3

For p ∈ P4 with d(p) = 4,

nnaive,p
4 = N4

0,4 = 16, N1
0,4 = 8 + 2 · 3 +

35

16
= 16 +

3

16
,

how do you extract BPS numbers?



Insight of Takahashi

Definitions (Takahashi, CvGKT, Bousseau)

of BPS numbers (choose your favorite)

Ωd :=(−1)d−1Nd
0,d

(−1)d−1N0,d =
∑
`|d

1

`2
n0,d/`

(−1)d−1Nk
0,d =

∑
`|d

1

`2
Ωk

0,d/` (k|d)

In particular
Ωd = Ωd

0,d



Takahashi’s Main Conjecture

Bousseau’s Theorem

∀k|d : (−1)d−1Nk
0,d =

∑
k|d′|d

1

(d/d ′)2
(−1)d

′−1Nd′
0,d′ =

∑
k|d′|d

1

(d/d ′)2
Ωd′

Corollary

∀k|d : Ωk
0,d = Ωd = (−1)d−1Nd

0,d

n0,d = 9d2Ωd

Given that N0,d is computed via log/local (Takahashi, Gathmann,
Graber-Hasset, vG-Graber-Ruddat) and local mirror symmetry
(Chiang-Klemm-Yau-Zaslow), we can calculate all the Nk

0,d .



Analogy with K3 surfaces

Updated Conjecture by Takahashi, proven in CvGKT3

Fix p ∈ Pd with d(p) = d . Let

Mp
d := {C :

rational curve of degree d maximally
tangent to E at p and unibranch at p }.

Assume (∗) each C ∈ Mp
d is smooth at p. Then

Ωd =
∑
C∈Mp

d

e(Pic
0
(C)),

where Pic
0
(C) is the compactified Jacobian of C .

Questions
How restrictive is (∗)? When are all C ∈ Mp

d nodal?



Links to loop quivers (CvGKT)

For any l |d , k| d
l

the contribution of l : 1 multiple covers to (−1)d−1Ωk
0,d is

given by the lth DT invariant of the (3d/l − 1)th loop quiver:

N4
0,4 = 16, N1

0,4 = 8 + 2 · 3 +
35

16

Ω1
0,4 = 8 + 2 · 3 + DT

(2)
4 = 14 + 2



Excursion to Symplectic Geometry

Conjecture (Auroux ’08), Theorem (Collins-Jacob-Lin ’19)

Near E , P2 \ E is fibered in special Lagrangian tori that are fibered over special
Lagrangian tori in E .
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These form a tubular neighborhood of E .



Conjecture (Auroux ’08), Theorem (Collins-Jacob-Lin ’19)

P2 \ E admits a special Lagrangian torus SYZ fibration with 3 singular torus
fibers.
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The pinched tori are sources of holomorphic disks.
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Following Fukaya ’05
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When more disks combine in more complicated ways, we can (theoretically) get
all of M0(P2/E , d) (if you believe that max tang stable log maps are open
maps in disguise).



It would be useful to project the disks to the SYZ-base.
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Which is what the Gromov-Hausdorff metric limit does. The image of a Maslov
index 0 disks becomes (Fukaya ’08):
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They are quite hard to study. Fortunately, in the dual SYZ-base, they become
tropical disks, which we can get a handle of.

N.B.: The datum of these holomorphic disks is the structure necessary to
construct the mirror. Gross-Siebert construct these structures with genus 0
stable log maps.



Gross-Siebert construction of SYZ base (dual intersection complex)

Polytope of (P2,O(3))

(−1,−1)

(−1,2)

(0,0)

(2,−1)

Smooth out boundary

by pushing singularities inside,
creating 3 focus-focus singularities

+

+

+

Compare with:
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Take the discrete Legendre transform

(1,0)

(0,1)

(−1,−1)

+

+

+

glue

glue

glue

Tropical disks are created at the
singularities, propagate and carry
multiplicities:

+

+
+

3

If we let • go to (0,∞), we get a tropical flex line of weight 3. There are 3 of
them, reflecting the fact that in the SYZ base, E has collapsed to a circle,
which has #{ 3-torsion } = 3. So we recover N0,1 = 9.



Fundamental domain and interacting disks

TROPICAL CORRESPONDENCE FOR DEL PEZZO LOG CALABI-YAU PAIRS 3

Let S∞ be the consistent wall structure defined by the dual intersection com-
plex (B,P,ϕ) of (X,D) via the Gross-Siebert algorithm [GS3]. Figure 1 shows
S∞ for (P2, E) up to order 6.

Figure 1. The wall structure of (P2, E) consistent to order 6. For
the functions attached to unbounded walls see §7.1.

The unbounded walls in S∞ are all parallel in direction mout ∈ ΛB. Here ΛB

is the sheaf of integral tangent vectors on B and mout is the primitive vector in
the unique unbounded direction of B (the upward direction in Figure 1). Let
fout be the product of all functions attached to unbounded walls in S∞, regarded
as elements of C!x" for x := z(−mout ,0) ∈ C[ΛB ⊕ Z]. Then the main theorem
is the following. It can be interpreted as a tropical correspondence theorem,
since the wall structure S∞ is combinatorial in nature and supported on the dual
intersection complex (B,P,ϕ) of (X,D).

Theorem 1.
log fout =

∑

β∈H+
2 (X,Z)

(D · β) ·Nβ · xD·β.

Image courtesy of Gräfnitz. The tropical curves that eventually become vertical
contribute to N0,d their associated weight. Local scattering described by GPS.



Comments about the scattering diagramTROPICAL CORRESPONDENCE FOR DEL PEZZO LOG CALABI-YAU PAIRS 3

Let S∞ be the consistent wall structure defined by the dual intersection com-
plex (B,P,ϕ) of (X,D) via the Gross-Siebert algorithm [GS3]. Figure 1 shows
S∞ for (P2, E) up to order 6.

Figure 1. The wall structure of (P2, E) consistent to order 6. For
the functions attached to unbounded walls see §7.1.

The unbounded walls in S∞ are all parallel in direction mout ∈ ΛB. Here ΛB

is the sheaf of integral tangent vectors on B and mout is the primitive vector in
the unique unbounded direction of B (the upward direction in Figure 1). Let
fout be the product of all functions attached to unbounded walls in S∞, regarded
as elements of C!x" for x := z(−mout ,0) ∈ C[ΛB ⊕ Z]. Then the main theorem
is the following. It can be interpreted as a tropical correspondence theorem,
since the wall structure S∞ is combinatorial in nature and supported on the dual
intersection complex (B,P,ϕ) of (X,D).

Theorem 1.
log fout =

∑

β∈H+
2 (X,Z)

(D · β) ·Nβ · xD·β.

• The scattering algorithm
progresses order by order.

• Prince ’17: Outside of the
ray-dense regions ; triangles ↔
toric varieties that admit
Q-Gorenstein deformation to P2

↔ Markov triples.

• Each wall p of the scattering
diagram carries a wall-crossing
function fp, which encodes the
weighted number of tropical disks
that end at this ray.

• More about the combinatorial
algorithm producing fd next time.



Comparison with scattering diagram of cubic surface

(S ,D) = cubic surface, D = anticanonical triangle of (−1)-curves. The
scattering diagram of (S ,D) was constructed by Gross-Hacking-Keel-Siebert
and Bousseau (higher genus):

×+

glue

There is only one singularity, obtained by collapsing several focus-focus ones. It
creates walls in all rational directions that encode the (higher genus) log GW
theory of (S ,D).



Connecting combinatorics with enumerative geometry

Proposition (Gräfnitz ’20)

For a wall (p,mp), denote by Hp,w the set of tropical disks ending on p with
final edge directed by −wmp.

Each h ∈ Hp,w carries a combinatorial multiplicity Nh. Then

log fp =
∞∑
w=1

∑
h∈Hp,w

Nh z
(wmp,0)

Theorem (Gräfnitz ’20)

Let fout be the product of fp over all unbounded walls p, which are directed by
mout = (0,−1) and let x := z (−mout,0). Then

log fout =
∞∑
d=1

3d N0,d x
3d



This plays well with torsion

Denote by S1 the circle at ∞. Fix as 0 ∈ S1 one of its flex points. An
unbounded wall p meets S1 in a point of order l(p).

If q ∈ S1 is of order l , let

r(l , k) := #{p ∈ Pd

∣∣ d(p) = k, p specializes to q}

Theorem (Gräfnitz ’20)

Let p be an unbounded wall of order l . Then

log fp =
∞∑
d=1

3d

∑
l|k|d

r(l , k)Nk
0,d

 x3d



Outline of proof

• Consider a suitable log smooth degeneration of (P2,D).

• Apply the decomposition formula of Abramovich-Chen-Gross-Siebert,
indexed by tropical curves h in the dual intersection complex.

• Each term is a weighted count of curves that tropicalize to h.

• Compute the latter by applying GPS locally.

• Reformulate inside the scattering diagram.


